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$\mathrm{Q}$ $E$ 2 :
$\hat{E}$(x, $y$), $l$- $\mathrm{L}$- $\hat{L}$ (x, $y$ ) ,
$\mathrm{Z}$ , , $\mathrm{Z}$ , [4]
. , , building block
(Th. 43).
, Deninger-Nart [1] $\mathrm{G}\mathrm{L}_{2}$ -type
, [10] 2 Q-
, 2 .
, building block L-
(4.2 ).
2 p-
$R$ . $x$ $n$ $x_{1},$ . . $\iota$ , $x_{n}$ ,
$R$ [[x1, . . . , $x_{n}]$ ] $R$ [[x]] . , , $x$
(x1, .. 1 , $x_{n}$ ) $f$ (x), $g$ (x) $R$ [[x]] ,
$f(x)\equiv g(x)$ mod $\deg r$
, $f(x)-g$(x) $r-1$ { $f$ (x), $g(x)$
$R[[x]]^{m}$ ,
$f(x)\equiv g(x)$ mod $\deg r$
, $f$ (x), $g$ (x) $\mathrm{m}\mathrm{o}\mathrm{d} \deg r$
$R[[x]]_{0}^{m}:=\{f(x)\in R[[x]]^{m}|f(x)\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} \deg 1\}$
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$R$ [[x]]n0 $\varphi(x)$ ,
$\psi(\varphi(x))=\varphi(\psi(x))=x$
$R[[x]]_{0}^{n}$ $\psi(x)$ . $\varphi(x)$
, $\mathrm{G}\mathrm{L}_{n}(R)$ $C$ ,
$\varphi(x)\equiv Cx\mathrm{m}\mathrm{o}\mathrm{d}$ deg2
.
$x,$ $y,$ $z$ $n$ .
2.1. $R[[x, y]]_{0}^{n}$ $F$ (x, $y$) $R$ $n$ ( ) ,
.
6) $F(x,y)\equiv x+y\mathrm{m}\mathrm{o}\mathrm{d}$ deg2
(ii) $F(F(x, y),$ $z)=F(x, F(y, z))$
($i$i9 $F(x,y)=F(y, x)$
2.2. $\hat{G}_{a}^{n}$ (x, $y$) :=x+\sim $R$ . .
$F$(x, $y$ ), $G$ (x, $y$ ) $R$ $n$ .
2.3. $R[[x]]_{0}^{n}$ $\varphi(x)$ $F$ (x, $y$ ) $G$ (x, $y$ ) $R$
,
$\varphi(F(x, y))=G(\varphi(x), \varphi(y))$
, , $\varphi(x)$ , $\varphi(x)$ ,
$\varphi(x)\equiv I_{n}x\mathrm{m}\mathrm{o}\mathrm{d} \deg 2$
, $\varphi(x)$ , $I_{n}$ $n$ .
$F$(x, $y$ ) $G$ (x, $y$) $R$ (resp. )
, $F$ (x, $y$ ) $G$ (x, $y$) (resp. ) $\mathrm{A}\mathrm{a}\mathrm{A}_{\mathrm{a}},$ $F\sim_{R}G$
(F\approx $G$) , $\sim_{R}$ (resp. $\approx_{R}$) .
$R$ 0 , $K$ $R$ .
2.4. $K$ $n$ $F$(x, $y$) , $F$ (x, $y$)
$\hat{G}_{a}^{n}$ (x, $y$) $K$ $f$ (x) .
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$R$ $F$(x, $y$ ) , 2.4 $K$
$f$ (x) $F$ (x, $y$ ) ,
$F(x, y)=f^{-1}(f(x)+f(y))$
.
$K$ , $\mathcal{O}_{K}$ . $\mathfrak{p}$ $\mathcal{O}_{K}$ ,
$\mathcal{O}_{K,\mathfrak{p}},$ $K$p $\mathcal{O}_{K},$ $K$ $\mathfrak{p}$- 2.4 ,
Hasse .
2.5. (i) $K$ $F$ (x, $y$ ) , $\mathcal{O}_{K}$ ,
$\mathfrak{p}$ $\mathcal{O}_{K,\mathfrak{p}}$ .
(ii) $\mathcal{O}_{K}$ $F$ (x, $y$ ) $G$ (x, $y$ ) , $\mathcal{O}_{K}$ (resp. )
, $\mathfrak{p}$ $\mathcal{O}_{K,\mathfrak{p}}$ (resp. )
.
$\mathfrak{p}$- [4] .
, $\mathfrak{p}$ $K/\mathrm{Q}$ . $\mathcal{O}_{K,\mathfrak{p}}$
$\mathfrak{p}$ . $\sigma$ $K_{\mathfrak{p}}/\mathrm{Q}_{p}$ Frobenius .
$F(x, y)$ $K_{\mathfrak{p}}$ $n$ , $f$ (x) .
2.6 ([4];Th. 2, Prop. 3.3). $\mathfrak{p}$ $K/\mathrm{Q}$
. , .
(i) $F$(x, $y$) $\mathcal{O}_{K,\mathfrak{p}}$ .
(ii) $M_{n}$ (OK,’) $C_{\nu}(\nu=1,2, . . .)$ ,
(2.1)
$pf(x)+ \sum_{\nu\geq 1}C_{\nu}^{\sigma^{\nu}}f(x^{p^{\nu}})\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}$
$.$’
(2.1) , $F$ (x, $y$ ) $pI_{n}+ \sum_{\nu\geq 1}C_{\nu}T^{\nu}$
.
2.7([4];Th. 3, Prop. 3.3). $\mathfrak{p}$ $K/\mathrm{Q}$
. $F$(x, $y$) $G$ (x, $y$) $\mathcal{O}_{K,\mathfrak{p}}$ . ,
.
(i) $F(x, y)$ $G$(x, $y$) $\mathcal{O}_{K,\mathfrak{p}}$ .








$b_{n}$ $\mathrm{Z}$ , $b_{1}=1$ ([12]; p.113). $E$
$\hat{E}(x,y):=f^{-1}(f(x)+f(y))$ , $f(x):= \sum_{n\geq 1}\frac{b_{n}}{n}x^{n}$
. $\hat{E}$ (x, $y$ ) $\mathrm{Z}$ ([12]; p.115).
$L(E/ \mathrm{Q}, s)=\sum_{n\geq 1}a_{n}n^{-s}$
$\text{ }G\mathrm{q}\text{ }E\text{ }l_{-}^{\backslash }\text{ }\mathfrak{F}\mathrm{f}\mathrm{R}t.41\backslash \text{ }$\mbox{\boldmath $\tau$}g) $\mathrm{L}- \text{ }\backslash \text{ }$ . $\mathrm{g}a_{n}l\mathrm{h},$ $l\text{ }\gamma$) $\hslash l$.
$\text{ },$ $\mathrm{Z}$ , $a_{1}=1$ . $L(E/\mathrm{Q}, s)$
$\hat{L}(x,y):=g^{-1}(g(x)+g(y))$ , $g(x):= \sum_{n\geq 1}\frac{a_{n}}{n}x^{n}$
.
, .
$\text{ }$ 3.1([4]; Th. 9). $\hat{L}$ (x, $y$) $\mathrm{Z}$ , , $\hat{L}(x, y)$
$\hat{E}$(x, $y$ ) $\mathrm{Z}$ .
$\varphi(x)$
$\hat{L}$ (x, $y$) $\hat{E}$ (x, $y$) $\mathrm{Z}$ $z=\varphi(q)$
,
$w_{E}= \sum_{n\geq 1}b_{n}z^{n}\frac{dz}{z}=\sum_{n\geq 1}a_{n}q^{n}\frac{dq}{q}$
.
3.1 , $p$ , $\hat{L}(x,y)$ , $\hat{E}$ (x, $y$) $\mathrm{Q}_{p}$ ,
$p-a_{p}T+\epsilon_{p}T^{2}$ . , $\epsilon_{p}$ $p$
$E$ good prime , 1 0 .
.
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3.2. $p$ , $a_{p}\equiv b_{\mathrm{p}}\mathrm{m}$od $p$ .
We $|a_{p}|\leq 2\sqrt{p}$ 3.2 , $p\geq 17$
$a_{p}=b_{p}$ $p$
.
4 $\mathrm{Q}$ Abel building block
4.1 building block
$\mathrm{Q}$
$g$ Abel $A$ , $\mathrm{G}\mathrm{L}_{2}$-type , $A$ $\mathrm{Q}$
$\mathrm{Q}$-algebra $\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}^{0}(A)$ $g$
. $K$ Abel , $K$ modular
, $N$ modular $J_{1}(N)$ $K$-simple factor $K$
. $\mathrm{Q}$ modular Abel $\mathrm{G}\mathrm{L}_{2}$ -type .
, Taniyama-Shimura : $\mathrm{G}\mathrm{L}_{2}$ -type Abel
$\mathrm{Q}$ modular .
4.1. $\overline{\mathrm{Q}}$ $g$ $Abel$ $B$ building block ,
$B$ 2 .
(i)
$\text{ }(\mathrm{a}\phi_{\tau}^{\tau}..Barrow B\mathrm{B}\backslash \text{ }\mathrm{Q}\text{ }\Re X\backslash 1^{-}Galois\text{ }G\ovalbox{\tt\small REJECT}_{\pm}\text{ ^{}\mathrm{g}_{\backslash }}’.\mathrm{w}_{}\theta)\overline{\pi}\tau\backslash \backslash \text{ _{}}\text{ }\backslash \backslash ,$ $\phi_{\tau}\mathrm{B}^{\backslash ^{\backslash }}\backslash End(B)l-\lambda\grave{1}\text{ }End(B$
$\urcorner \mathfrak{o}\text{ }7\mathrm{u}\text{ }fJ^{\overline{\mathfrak{o}}}\prod \text{ }$
, End(B) $\varphi$ , $\phi_{\tau}^{\tau}\varphi=\varphi\phi_{\tau}$ $l$
(ii) End(B) $F$ Schur $t$ central division algebra
: $t=1,2$, , $t$ [F: $\mathrm{Q}$] $=g$ .
, Galois $K$ , Abel $B$ , $B$
$K$ , $\tau$ $K$ $\phi_{\tau}$ ,
budding block $B$ $K$ .
, , $F$ End(B)
.
$\overline{\mathrm{Q}}$ Abel $B$ building block , CM
$\mathrm{G}\mathrm{L}_{2}$-type Abel $\overline{\mathrm{Q}}$-simple factor
([9]; Prop. 5.2, [6]; Prop. 4.5). ,
Taniyama-Shimura , building block $\overline{\mathrm{Q}}$ modular
.
, $\phi_{\tau}$ \mbox{\boldmath $\delta$}(\phi \rightarrow .
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$B$ building block . $B$ $\theta$ . ,
$G$ , \sigma ) $\tau$ , $\tau\theta$ $\tau B$ . End(B) $\phi_{\tau}$
$\lambda\backslash \dagger \text{ }$ ,
$\delta(\phi_{\tau}):=\phi_{\tau}^{\tau}\theta^{-1}\hat{\phi}_{\tau}\theta$
, $\hat{\phi}_{\mathcal{T}}$ $\phi_{\mathcal{T}}$ transpose isogeny $\delta(\phi_{\tau})$ , $\theta$
, $\mathrm{E}\mathrm{n}\mathrm{d}^{0}(B)$ $F$ . , $\delta(\phi_{\tau})$ $\mathrm{E}\mathrm{n}\mathrm{d}^{0}(B)/\mathrm{Q}$
, $\deg\phi_{\mathcal{T}}$ ([6]; Prop. 5.4, 5.5).
4.2 building block L-
$K$ $\mathrm{Q}$ Abel , $\mathcal{O}_{K}$ , $G$ Galois . $B$
$K$ building block . $G$ $\tau$ , End(B)
$\phi_{\tau}$ : $\tau Barrow B$ . , bu ng
block $B$ 2-c0cycle
$c:G\mathrm{x}Garrow F^{*}$ : $(\tau_{1}, \tau_{2})\vdasharrow\phi_{\tau}$1 $\tau_{1}\phi_{\tau_{2}}\phi$i;
. $\phi_{\tau}$ End(B) , $c(\tau_{1}, \tau 2)$
$F$ . , .
(C) 2-cocycle $c$ symmetric . , $G$ $\tau_{1},$ $\tau_{2}$
, $c(\tau_{1}, \tau_{2})=c(\tau_{2}, \tau 1)$ .
$g=1$ , $\mathrm{Q}$ Abel building block , $B$
$\overline{\mathrm{Q}}$ , , (C) ([7]; Cor. 4.2).
$S$ , .
(S1) $\mathcal{O}_{K,S}:=\mathcal{O}_{K}\otimes \mathrm{Z}_{S}$ . , $\mathrm{Z}_{S}$ $\mathrm{Q}$
S- .
(S2) $S$ $D_{K}$ , $[\mathcal{O}_{F} : \mathrm{E}\mathrm{n}\mathrm{d}^{0}(B)\cap \mathcal{O}_{F}],$ $d$\mbox{\boldmath $\tau$}
. , $d_{\tau}$ End(B) $\varphi$ : $\tau Barrow B$ $\deg\varphi$
,
(S3) $\mathcal{O}_{K}$ $p$ $\mathfrak{p}$ , $B$ good prime mdtiplica-
tive prime , $p$ $S$ .
$B$ $B$ $\mathcal{O}_{K}$ N\’eron . (S1) ,
$\mathcal{O}_{K,S}$- $\omega_{B/\mathcal{O}_{K,S}}$ $g$ , $\{w_{1}.\}_{1=1}^{g}$.
. , $B$ zero section formal completion , $\mathcal{O}_{K,\mathrm{S}}$
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$\hat{B}_{S}$ (x, $y$ ) . $\mathrm{H}\mathrm{o}\mathrm{m}_{K}^{0}$ ( \mbox{\boldmath $\tau$}B, $B$ ) $\varphi$ , $M_{\mathit{9}}$ (K) $R(\varphi)$
$\varphi^{*t}(w_{1}, \ldots, w_{\mathit{9}})=R(\varphi)^{t}(^{\tau}w_{1}, \ldots,\tau w_{g})$
. $\varphi^{*}$ .
$K$ building block $B$ L
$L(B/K, s)= \sum_{n\geq 1}A_{n}n^{-s}$ ,
.
$n=1$ , $A_{1}:=I_{g}$ .
$n$ $p$ , $A_{p}$ , $p$ $D_{K}$ ,
$A_{p}:= \frac{1}{t}R(\frac{\mathrm{t}\mathrm{r}_{F_{\lambda}}(\phi_{\sigma}\sigma|V_{\lambda}(B)^{t})}{\delta(\phi_{\sigma})})R(\phi_{\sigma})$ 0,
. , $p$ $D_{K}$ good prime ,
$X_{p}:=R( \frac{c(\sigma,\sigma)}{\delta(\phi_{\sigma})})R(\phi_{\sigma^{2}})$ 0,
, $\lambda$ $F$ , $V_{\lambda}(B)$ $B$ \lambda - Tate module, $\sigma$
$p$ prime divisor $\mathfrak{P}$ G Frobenius , $I$ $\mathfrak{P}$
. $A_{p}$ $X_{p}$ , $\phi_{\tau},$ $\lambda$ , $\sigma$ , $M_{g}(\mathcal{O}_{K},s)$
.
$G$ $p$ Frobenius $\sigma_{p}$ , $m$ ,
$\sigma_{m}$ , $\sigma_{m_{1}m_{2}}=\sigma_{m_{1}}\sigma_{m_{2}}$ . , $n$ $p^{\nu}$
,
$A\text{ }\nu=A_{p}^{\sigma_{p}}A_{p^{\nu-1}}-pX_{p}^{\sigma_{p^{2}}}A_{p^{\nu-2}}$ $(\nu\geq 2)$
$A_{p^{\nu}}$ . $n$ , $A_{n}$
$A_{n_{1}n_{2}}=A\sqrt{}^{\ovalbox{\tt\small REJECT}}A_{n_{2}}$ ((n1, $n_{2})=1$ )
.
$L(B/K, s)$ well-definml .
(C) , $\beta$ : $Garrow\vec{\mathrm{Q}}$ ,
$c(\tau_{1}, \tau_{2})=\beta(\tau \mathfrak{d}\beta(\tau_{2})\beta 01^{\mathcal{T}_{2}})^{-1}(\forall\tau_{1}, \tau_{2}\in G)$
.
$E$ $F$ $\beta(\tau)$ . $d:=[E:F]$
$E/F$ , $E$ $\mathrm{E}\mathrm{n}\mathrm{d}_{K}^{0}$ (Bd) . Pyle
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, $(B, \beta)$ , $\mathrm{E}\mathrm{n}\mathrm{d}_{\mathrm{Q}}^{0}(A)=E$ $\mathrm{G}\mathrm{L}_{2^{-}}\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}$ Abel $A$ ,







([6]; Prop. 4.2-4.5). $A$ $\mathrm{Q}$ $E$
.
$L(A/ \mathrm{Q}, E, s)=\prod_{p|D_{K}}L_{p}(p^{-s})^{-1}=\sum_{n\geq 1}a_{n}n^{-\epsilon}$
$A$ $\lambda$- $\mathrm{L}$- . ($F$ $\lambda$
$E$ $\lambda$ .) $a_{n}$ $\lambda$ , $\mathcal{O}_{E}$
. , $a_{n}\beta(\sigma_{n})$ $\mathcal{O}_{F}$ .
4.2. $n$ , $A_{n}=R(a_{n}\beta(\sigma_{n})/\delta(\phi_{\sigma_{n}}))R(\phi_{\sigma_{n}})$ .
, $L$ - $L(B/K, s)$ well-d4ned $j$ M9 $(\mathcal{O}_{K,S})-$ .
4.3 building block
$\mathrm{L}$- $L(B/K, s)$ , $\mathrm{L}$- $L(B/K, s)$ $\hat{L}$ (x, $y$)
$\hat{L}(x,y):=g^{-1}(g(x)+g(y))$ , $g(x):= \sum_{n\geq 1}\frac{A_{n}}{n}x^{n}$
. , $x^{n}:={}^{t}(x_{1}^{n}, \ldots, x;)$
4.3. 2-cocycle $c$ symmetric . , $\hat{L}$(x, $y$)
$\mathcal{O}_{K,S}$ , , $\hat{L}$(x, $y$ ) $\hat{B}_{S}$ (x, $y$ ) $\mathcal{O}_{K}$,S .
4.3 , $S$ $p$ $\mathfrak{p}$ ,
$\hat{L}$ (x, $y$), $\hat{B}_{S}$ (x, $y$ ) $K_{\mathfrak{p}}$ , $pI_{g}-A_{p}T+X_{p}T^{2}$
.
$g=1,$ $K$ =Q , $B$ $\mathrm{Q}$ ,
$L(B/K, s)= \sum_{n\geq 1}a_{n}n^{-\ell}$
$B$ $\text{ }\backslash \ovalbox{\tt\small REJECT}\Re\#arrow 41\backslash \mathrm{f}\mathrm{f}\mathrm{l}$\mbox{\boldmath $\tau$} L . Honda [4]
. , $K=\mathrm{Q},$ $t$ =1 , $B$ $\mathrm{G}\mathrm{L}_{2}$-type Abel , $A=B$
,
$L(B/K, s)= \sum_{n\geq 1}R(a_{n})n^{-s}$
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$B$ $\lambda$- $\mathrm{L}$- . , Deninger-
Nart [1] . $g=1,$ $K$ 2 , $B$ Q- , $A$ $B$
$K$ $\mathrm{Q}$ Weil restriction ,
$L(B/K, s)= \sum_{n\geq 1}\frac{a_{n}\beta(\sigma_{n})R(\phi_{\sigma_{n}})}{\delta(\phi_{\sigma_{n}})}n^{-s}$
$A$ $\lambda$- $\mathrm{L}$- $L(A/\mathrm{Q}, E, s)$ $\mathrm{Q}$- L-
. , [10] .
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